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1. General Expression for Thermal Conductivity

We first consider ametallic solid in whichthere arenearly-free conductioelectrons.When this
metal is heated at one end as showrigure 1, theatomsvibrate more violentlyn this region. Electrons
scatteredrom these atoms therefore gain energy aadetrfasér. Thuselectrons in the hotegions are
more energetic than those in the cookgions. As aesult of atemperature gradietihere is therefore an
electron energy gradient along the solid as illustrated in Figure 1 (dpjand/ecanrepresenthe energy
per electron as shown in Figure 1 (b) in which going towards the cooler regions, the energy decreases. Lef
[, be the mean free path of an electron between scattering events alodgeicgon which ighe direction
of heatflow. Then the electron travebs distancel, beforeimpactingwith a vibratinglattice atom and
thereby imparting some of its energy. This is how the energy is transported ttiresghd, by collision
of fast electrons and Imating lattice atoms.Electrons carrythe energy from more emrgetic lattice
vibrations in the hot regions to less energetic vibrations in the cold regions.
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Net flux of energy from hot to cold regions of a solid. There is
net energy transfer across the afeat x, due to the rando

motions of the electrons.
Figure 1
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We consider ararbitrary plane ax, and the motion othe electronsvithin a distancd, on both
sides ofx,. We choose a dtance ofl, because witin that distance,electronssuffer no randomizing
collisions and wecan easilyfollow their trajectories.Thusthe x-axis is divided into equakegments of

width |. If Tis the mean free time between collisions, thentv, wherev, is the mearspeed along. If
E, is the electron energy gfthen all electrons withir, — |, on the left side have an average energy,
d,m dEO

200 axO

The negativesign multiplying the gradienensures thahe averagenergy inthe left segnent is

greater thark, since the gradientE/dx is negative. Ifiis the numbeof electrons per unikolume,then
the number of electrons in the volulg&is n(l A). These electrons will reach the plane as they do not

suffer collisions withirl,. Time taken to traverdgis 1. Stated differentlyr is the mean freéime between
electron scattering events. Thus, the flow of energy per unit time towards the right is given by

| dEO
n(|XA)§D _hdE
Rate of energy flow towards rightQ!, = TOtili;r;ergy: - 2 dxH

The average energy of electrons in the right segment, withih, is smaller thare, and is given

Elettside = E, +

by,
C. = _ Elx [D_ dEI:I
Erlght5|de— ED DE[D &D
The corresponding energy flow per unit time towards the left is,
. dE
n(IXA)%U hOE
Rate of energy flow towards leftQ)’, = Total. eneray_ 2 dxE
Time T
The net energy flonQ', towards the right is the difference between the above two rates:
L _ Anl? odEQ
Q - Q-:-X Q—x - T DdXD
Usingl, = 1v, and @E/dX = (dE/dT)(dT/dX we obtain,
dED dETO
"= AT o= ATV ——
° ¥ AT G e
If we compare this expression with the definition of thermal conductityat is
o= eacdT
dx
then we obtain
K = nrvfE (1)
dx

It is useful totake Eqation (1) onestep further toderive a generatxpression fothe thermal
conductivity k. In a collection of partites (electrons or atoms) movimgound randomlythe speedv at
any instant has componemsv,, andv, so that

v2=vf+vj +vz2

When averagedy’ = v§ = Vv because all the particles are moving around randomly. Then
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V2 =

X

V=

Wl
Wl

whereu is simply the mean speed which is rougfly?. Moreover, the mean free pdtk ur, sothat can
substitute for, andt in Equation (1) to obtain

But, dE/dTis the heat capacity per electron, adE/dT) is the heat capacitger unitvolume,C,
so that the final expression felis

1
K ==IuC, Thermal conductivity (2)

We note that thehermal conductivity isintimately relatecto the mean freegth of the thermal
energy carriers (wheth@lectrons in a conductor or feoulesin agas),their meanspeed andheir heat
capacity per unit volume. Equation (2) can also be applisolids in whichthermalconductioninvolves
lattice vibrations ophononsThen,| is the mean free path of phonons between scattering ewé&ntheir
mean speed (of the order of sound velocity) @nd the heat capacity.

2. Wiedemann-Franz-Lorenz Law, A Classical Treatment

Suppose that we assume we tr@at the collection ofonduction electrons the metal as ifthey
were “free” and obeyinghe kinetic moleculatheory of matte Then theirmeanenergy petelectron and
the kinetic energy alongare

E=3kT and lme\flekT
2 2 2

so that substituting faE/dT andv, in the expression fat in Equation (1) we get,

K=nr ékn{% kg (3)

We cannow usethe expresson for thecondudivity in terms of themean scagring time, that iso
= e&’n1/m,, and dividex by o to obtain,

K _3KCp (4)

o 20Le0
which is the Wiedemann-Franz-Lorenz law in tkéat (! T. The Lorenz number from Equation (4)3g,
=3/(k/e)* = 1.1x 10°® W Q K* which is at least a factor of 2 lower than typical experimental values.

Although we derived the Widemann-Franz-Lorenz law by using the kinetic theory of matter, based
on classical physics, a muchore rigorous quantummechanicalanalysis also arrives d@he same
conclusion, albeit a different coefficient. Quantum mechanics predicts that

K _ 10k

o 3Ll
where the coefficient has the value 2480% W Q K?in good agreement with experiments and twice that
of the classical theory.

T Wiedemann-Franz-Lorenz Law (5)
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NOTATION

A cross-sectional area n concentration of electrons (number of electrons
C, heat capacity per unit volume per unit volume)
Cwee  Wiedemann-Franz-Lorenz coefficient Q rate of heat flow; net rate of energy flow
e electronic charge (magnitude only) (1.6020% Q.x  rate of energy flow in thexdirection

C) T temperature (absolute temperature)
E energy of an electron u mean speed of electrons
E, energy of an electron at positiarnr X, Y% velocity
k Boltzmann’s constant (1.380710% J K%) v, velocity alongx
I mean free path € ur) K thermal conductivity
I mean free path along o electrical conductivity
m, mass of the electron T mean free time between collisions of conduction

electrons with lattice vibrations

USEFUL DEFINITIONS

L atticeis a regular array of points in space with a periodicity. There are fourteen distinct latttbeseidimensional space.
When an atom or molecule is placed at each lattice point the resulting regular structure is the crystal structure.

Mean free path is the mean distance traversed by an electron between scattering eveistsh&f mearfree time between
scattering events, andis the mean speed of the electron, then the mean fred paih,

Mean free time is theaverage time itakes toscatter a conductiorlectron. Ift; is the free time betweencollisions
(between scattering events) for an electron labelédfasnt = t, averaged over all the electrons. Tdrét mobility
is related to the mean free time fay= et / m.. The reciprocal of the mean free time is the mean probabilitypier
time that a conduction electron will be scattered, or, put differently, the mean frequency of scattering events.

Phonon is a quantum of energy associated with the vibrations of the atoms in the crystal, analogous to the photon.

Thermal conductivity (k) is a property of a material that quantifies gzse with which heat flonesong amaterialfrom

higher to lower temperature regions. Since heat flow is due a temperature gradi¢iné rate oheat flowacross a
unit area per unit temperature gradient.
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